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Abstract
We show that the four-dimensional Chern-Simons theory studied by Costello, Witten and
Yamazaki, is, with Nahm pole-type boundary conditions, dual to a boundary theory that is a
three-dimensional analogue of Toda theory with a novel 3d W-algebra symmetry. By embedding
four-dimensional Chern-Simons theory in a partial twist of the five-dimensional maximally super-
symmetric Yang-Mills theory on a manifold with corners, we argue that this three-dimensional Toda
theory is dual to a two-dimensional topological sigma model with A-branes on the moduli space of
solutions to the Bogomolny equations. This furnishes a novel 3d-2d correspondence, which, among
other mathematical implications, also reveals that modules of the 3d W-algebra are modules for
the quantized algebra of certain holomorphic functions on the Bogomolny moduli space.
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1 Introduction, Summary and Conventions
Introduction
In 2010, the authors in [1] observed a correspondence between two-dimensional Liouville theory
and four-dimensional N = 2 super Yang-Mills (SYM) with gauge group SU(2). This was termed
the AGT correspondence. This correspondence was further investigated for higher-rank gauge
groups, where the correspondence is between two-dimensional Toda theory and four-dimensional
N = 2 SYM with gauge group SU(N) [2]. Among other approaches, it is known that the AGT
correspondence can be understood in terms of the characterization of the space of W-algebra
conformal blocks as an irreducible module for quantized algebras of certain holomorphic functions
on Hitchin’s moduli space [3]. This implies a relationship between Hitchin’s moduli space and
W-algebra representations.
In this work, we shall present an analogous relationship involving the moduli space of solutions
to the Bogomolny equations (which is known to reduce to Hitchin’s equations upon dimensional
reduction), and a novel W-algebra arising from a three-dimensional analogue of Toda theory. The
latter, as we shall show, arises as the boundary dual of the four-dimensional Chern-Simons theory
studied by Costello, Witten and Yamazaki [4, 5] on I × S1 × Σ, with Nahm pole-type boundary
conditions at the ends of the interval, I.
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To show the aforementioned relationship, we shall first embed four-dimensional Chern-Simons
theory in partially-twisted five-dimensional maximally supersymmetric Yang-Mills theory (MSYM)
on I × R+ × S
1 × Σ, following [6] (the partial twist being analogous to the geometric Langlands
twist of four-dimensional N = 4 SYM). Using the topological-holomorphic nature of the partially
twisted theory, we scale up I×R+ to arrive at a two-dimensional A-twisted supersymmetric sigma
model on the moduli space of solutions to the Bogomolny equations defined on S1 × Σ. This
implies a novel 3d-2d correspondence, that is, between the sigma model and the aforementioned
three-dimensional Toda theory on S1 × Σ.
Let us now give a brief plan and summary of the paper.
A Brief Plan and Summary of the Paper
In §2, we outline some basic properties of 5d MSYM on a manifold of the form M = I ×
R+ × S
1 × Σ, partially twisted along I × R+ × S
1. We choose a topological twist analogous to
the geometric Langlands twist in 4d N = 4 super Yang-Mills. The action of the 5d “GL”-twisted
MSYM takes the form
S = {Q, V˜ }+
Ψ˜
4π
∫
I×R+×S1×Σ
dz ∧ Tr (F ∧ F)
In what follows, we shall take the gauge group to be G = SU(N).
At the origin of R+, we shall choose NS5-type boundary conditions to maintain supersymmetry.
At infinity along R+, the boundary conditions are taken to be Q-invariant configurations that are
independent of the coordinate parameterizing R+.
At the two ends of the interval, we choose Nahm pole-type boundary conditions of the form
A →
idσ
σ
H +
dx+
σ
T+
A →
−idσ
σ − π
H +
dx−
σ − π
T−
where x± are certain light-cone-like coordinates on S1×Σ, and where σ parameterizes the interval
I = [0, π]. Here, H and T± are the images of Cartan and ladder operators of an su (2) subalgebra
of su (N), respectively.
Furthermore, the corresponding path integral localizes to the path integral of the 4d Chern-
Simons theory with gauge group SL(N,C), on I × S1 × Σ, which has the action
S4d CS[A] =
1
2π~
∫
I×S1×Σ
dz ∧Tr
(
A ∧ dA+
2
3
A ∧A ∧A
)
where z is a complex coordinate on Σ.
In §3, we derive a 3d analogue of Toda theory from our partially-twisted 5d MSYM. Having
localized to 4d Chern-Simons theory on I × S1 × Σ, the Nahm pole-type boundary conditions
coincide with boundary conditions relating the 4d CS theory to a constrained 3d WZW model on
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each boundary. These constrained 3d WZW models are then shown to lead to the 3d Toda theory
with action
S3d Toda[φ] =
1
2π~
∫
S1×Σ
dz ∧ dx+ ∧ dx−
(
Cij∂+φ
i∂−φ
j − 4
∑
i
µiνie
Cijφj
)
Via an equivalent, gauged version of the 3d WZW model, we also derive a 3d analogue of the
Virasoro algebra from 3d Liouville theory, i.e., the 3d Toda theory arising from the 4d CS theory
with SL (2,C) gauge group. This is of the form
[
Θ(z′, ξ′),Θ(z, ξ)
]
=
(
∂ξΘ(z, ξ)δ(ξ − ξ
′) + 2Θ(z, ξ)δ′(ξ − ξ′)
+
(
k −
η2
2
)
δ′′′(ξ − ξ′) + kδ′(ξ − ξ′)
)
δ(z − z′)
where ξ = x+ or x−. This derivation can be generalized to SL(N,C) gauge group in a straightfor-
ward manner, whereby we would obtain a 3d analogue of W-algebras.
In §4, we derive a topological sigma model with A-branes from the partially twisted 5d MSYM.
By exploiting the topological-holomorphic properties of the 5d “GL”-twisted theory, we scale up
I × R+. The bosonic part of the 5d action then becomes the action of a sigma model of maps
X : I × R+ →MB
(
G,S1 × Σ
)
which takes the form
S′
(A,ϕ)
5d GL =
∫
I×R+
d2xGBIJ∂
α˜XI∂α˜X
J
where MB
(
G,S1 × Σ
)
is the moduli space of solutions to the Bogomolny equations on S1 × Σ
which take the form
Fτ z¯ − iDz¯ϕτ = 0
Dτϕ
τ − 2iFzz¯ = 0
where τ parameterizes S1. Furthermore, a term in the non-Q-exact sector of the 5d action reduces
to an integral over a pullback to I × R+ of a symplectic form on MB
(
G,S1 × Σ
)
, i.e., ω = Ψ˜ωBK ,
with
ωBK =
1
2π
∫
S1×Σ
d3x Tr(δφτ ∧ δA4 − δA5 ∧ δAτ )
where A4 = Az + Az¯ and A5 = i(Az − Az¯). This implies that the sigma model we derived is
an A-model depending on the corresponding symplectic structure. We then compute the space of
physical states of the A-model to be the space of certain holomorphic sections of bundles defined
on Lagrangian branes denoted BOp and B
′
Op, i.e., H
0(BOp,K
1/2
BOp
)⊗H0(B′Op,K
1/2
B′
Op
). These physical
states are further identified with modules for the quantized algebra of certain holomorphic functions
on MB
(
G,S1 × Σ
)
.
In §5, via the topological-holomorphic property of the parent theory, i.e. partially twisted
MSYM onM = I×R+×S
1×Σ, we identify 3d Toda states with physical states of the 2d A-model
4
5d MSYM
on
I × R+ × S
1 × Σ
4d CS
on
I × S1 × Σ
3d Toda
on
S1 × Σ
2d A-model
on
I × R+
with target MB
(
G,S1 × Σ
)
∂R+ Scaling up I × R+
I
Figure 1: Outline of the steps in this paper. Starting from “GL”-twisted 5d MSYM, we are able
to establish a novel correspondence between the 3d Toda theory and a 2d A-twisted sigma model
governing maps I × R+ →MB
(
G,S1 × Σ
)
.
with target space MB
(
G,S1 ×Σ
)
. Hence, we establish a novel correspondence between the 3d
Toda theory and the 2d A-twisted sigma model with target space MB
(
G,S1 × Σ
)
, i.e., we have
3d Toda theory
on
S1 × Σ
⇔
Topological sigma model with A-branes
on
I × R+
with target MB
(
G,S1 × Σ
)
Mathematically, this implies that
Modules of 3d W-algebras
defined on
S1 × Σ
⇔ H0(BOp,K1/2BOp)⊗H0(B′Op,K1/2B′Op)
In other words,
Modules of 3d W-algebras defined on S1 × Σ are modules for the quantized algebra of
certain holomorphic functions on MB
(
G,S1 × Σ
)
.
The steps that we just outlined are summarized in Figure 1.
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Labeling Conventions
The labeling conventions for the indices used in this paper are as follows:
Number of dimensions Label
5d (on I × R+ × S
1 × Σ) M,N, · · · = 1, 2, 3, 4, 5
3d (on I × R+ × S
1) α, β, · · · = 1, 2, 3
3d (on S1 × Σ) p, q, · · · = 3, 4, 5
2d (on I × R+) α˜, β˜, · · · = 1, 2
2d (on I × S1) α´, β´, · · · = 1, 3
Acknowledgments
We would like to thank Sam Van Leuven, Gerben Oling, and Alessandro Tanzini for helpful
correspondences. The results in this paper were presented at String Math 2020, and we would
like to thank the audience, in particular, Nathan Seiberg, Cumrun Vafa, and Edward Witten for
interesting comments and questions. This work is supported by the MOE Tier 2 grant R-144-000-
396-112.
2 The Starting Point: Partially Twisted 5d MSYM
2.1 “GL”-twisted 5d MSYM
The classical action of 5d maximally supersymmetric Yang-Mills (MSYM) theory is of the form
[7, 8]
S =−
1
g5d2
∫
M
d5xTr
(
1
4
FMNF
MN +
1
2
DMϕM̂D
MϕM̂ +
1
4
[ϕ
M̂
, ϕ
N̂
][ϕM̂ , ϕN̂ ]
+iρM¯
̂¯M (ΓM )M¯
N¯
DMρN¯̂¯M + ρ
M¯̂¯M (ΓM̂ )̂¯M
̂¯N
[ϕ
M̂
, ρ
M¯ ̂¯N
]
)
,
(2.1)
where M,N = 1, · · · , 5. Barred and hatted versions, i.e., M¯ and M̂ , take the meaning of spinor
and R-symmetry indices, respectively. This action is invariant under the supersymmetry transfor-
mations
δAM = iζ
M¯̂¯M (ΓM )M¯
N¯ρ
N¯̂¯M
(2.2a)
δϕM̂ = ζM¯
̂¯M
(
ΓM̂
)
̂¯M
̂¯N
ρ
M¯ ̂¯N
(2.2b)
δρ
M¯̂¯M
= −i
(
ΓM
)
M¯
N¯
DMϕ
M̂
(
Γ
M̂
)
̂¯M
̂¯N
ζ
N¯ ̂¯N
−
1
2
(
Γ
M̂
)
̂¯M
̂¯N(
Γ
N̂
)
̂¯N ̂¯L
[ϕM̂ , ϕN̂ ]ζM¯
L¯
+
1
2
FMN (ΓMN )M¯
N¯ ζ
N¯̂¯M
.
(2.2c)
We shall take the underlying five-manifold to be of the form M = V × Σ, where submanifolds
V and Σ correspond to the
{
x1, x2, x3
}
and
{
x4, x5
}
directions, respectively. In what follows, we
shall also take the gauge group to be G = SU(N). To be consistent with the conventions used in
[6, 9], we shall also take the Lie algebra g to be anti-hermitian, i.e., U † = −U where U ∈ g.
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We would like to carry out a partial topological twist on the submanifold V . For the purpose
of deriving the results seen in this paper, we shall choose the twist analogous to the geometric
Langlands (GL) twist [9]. The symmetry group of 5d MSYM is SOM(5) × SOR(5), where the
subscripts denote rotation and R-symmetry groups, respectively.
Prior to carrying out the topological twist, we decompose the rotation group as
SOM(5)→ SOV (3) × SOΣ(2), (2.3)
and the R-symmetry group as
SOR(5)→ SOR(3) × SOR(2), (2.4)
where SOR(3) ⊂ SOR(5) rotates the scalar fields
{
ϕ1̂, ϕ2̂, ϕ3̂
}
.
Carrying out the topological twist described earlier amounts to taking the diagonal subgroup
of SOV (3) and SOR(3), i.e., take
SOV (3)
′ ⊂ SOV (3)× SOR(3), (2.5)
so that the total symmetry group is now SOV (3)
′ × SOΣ(2) × SOR(2). The twisting of fermions
which transform as (2,2) under SOV (3)× SOR(3) means that they now transform as 1⊕ 3 under
SOV (3)
′. Moreover, the scalar fields now transform as the components {ϕ1, ϕ2, ϕ3} of a one-form
on V .
As shown in [6], for an appropriate choice of supercharge, Q, that is scalar along V , this theory
is the 5d analogue of the GL-twisted 4d N = 4 SYM studied in [9].1 The supercharge can be
expressed as
Q = uQL + vQR, (2.6)
where u, v ∈ C, and the labels L and R are reminiscent of the corresponding left- and right- handed
supersymmetries in 4d GL-twisted theory. By multiplying in a factor of 1/u, supersymmetry
variations can be rescaled so that the supercharges depend only on the ratio t = v/u, i.e., take
Qt = QL + tQR, (2.7)
where the ratio t ∈ CP1 is the analogue of the twisting parameter in the 4d GL-twisted theory [9].
In fact, taking Σ = R×S1 or T 2, whereby the x5 direction is S1, we can dimensionally reduce along
the circle to obtain precisely the transformations used by Kapustin and Witten in [9] via A5 → ϕ4,
and similar identifications for the fermionic fields [6]. Moreover, for t 6= ±i, one finds that the
Q-transformations only depend on Σ via its complex structure. Hence, such a theory is topological
on the submanifold V , but has holomorphic dependence on the remaining two directions along Σ.
In what follows, we shall be interested in V = I × R+ × S
1 and Σ = CP1, C× or C/(Z + τZ).
Such anM is a manifold with two corners. We shall also pick t = −1 for our purposes. The action
of the 5d “GL”-twisted theory that we study can be written as
S = {Q, V˜ }+
Ψ˜
4π
∫
I×R+×S1×Σ
dz ∧ Tr (F ∧ F) (2.8)
1Such a partial topological twist has also been discussed conceptually by Elliot and Pestun [10].
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where Ψ˜ is a real parameter, since we have selected t = −1. The curvature F is defined in terms of
the complex connection involving Aα = Aα+ iϕα and Az¯ = Az¯ =
1
2(A4 + iA5), where z = x
4+ ix5
and z¯ = x4− ix5 are local complex coordinates on Σ, and where α = 1, 2, 3. To arrive at (2.8), one
partially twists the physical action (2.1), and finds that it can be expressed in terms of a Q-exact
term, {Q, V˜ }, and a term that is not Q-invariant due to the presence of the boundaries. Additional
interaction terms ought to be added to arrive at (2.8), where the second term is Q-invariant, as
long as Q(Aα) = 0 and Q(Az¯) = 0 at the boundaries, and the corresponding connection obeys
the Bianchi identity. The boundary conditions we choose satisfy these requirements, as we shall
explain in the next subsection.
2.2 Boundary Conditions
Since our five-dimensional gauge theory is defined on a manifold with boundaries, we ought to
specify boundary conditions at each of these boundaries.
Firstly, we shall choose an NS5-type boundary condition at the origin of R+. This boundary
condition requires that t is real-valued, and includes the conditions that
Q(Aα´) = 0 (2.9a)
Q(Az¯) = 0, (2.9b)
where α´ = 1, 3, and Aα´ and Az¯ obey Neumann boundary conditions. The fields A2 and φ2 instead
obey Dirichlet boundary conditions. This NS5-type boundary condition reduces, upon dimensional
reduction along x5 (for Σ = R × S1 or T 2), to the “topological” NS5-type boundary condition
considered in [11], where the choice of t = −1 implies that Ψ, the 4d analogue of Ψ˜, is real.
Secondly, at infinity along R+, the boundary conditions are taken to be x
2-independent Q-
invariant configurations.
Thirdly, there are two boundaries at the endpoints of I, and we shall impose analogous boundary
conditions for both of them. To define these boundary conditions we shall define the convenient
coordinates
x± = τ ±
i
2
z¯, (2.10)
where x3 = τ parameterizes S1. The corresponding partial derivatives and complexified gauge
fields are
∂± =
1
2
(∂τ ∓ 2i∂z¯) (2.11)
A± =
1
2
(Aτ ∓ 2iAz¯) , (2.12)
respectively. The boundary conditions at the endpoints of the interval are Nahm pole-type bound-
ary conditions, and can be defined as follows. As we approach one end of the interval, namely
σ → 0, where x1 = σ ∈ I = [0, π], we impose boundary conditions that include
A →
idσ
σ
H +
dx+
σ
T+ (2.13)
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Here, for su (2) ⊂ su (n), a homomorphism ρ : su (2) → su (N) has been chosen, such that the
image, T+, of the raising operator of su (2) is a maximal length Jordan block, i.e.,
T+ = −i

0 µ1 0 · · · 0
0 0 µ2 · · · 0
...
...
...
. . .
...
0 0 0 · · · µN−1
0 0 0 · · · 0

. (2.14)
where the imaginary number i accounts for the anti-hermiticity of fields in the 5d “GL”-twisted
theory, and where µi are real and non-zero constants. Imposing the boundary condition (2.13)
implies that
A− = 0 (2.15)
at σ = 0.
On the other end of the interval, where σ → π, we impose boundary conditions that include
A →
−idσ
σ − π
H +
dx−
σ − π
T− (2.16)
Here, for su (2) ⊂ su (n) we choose a homomorphism ρ′ : su (2)→ su (N) such that the image, T−,
of the lowering operator is a maximal length Jordan block, i.e.,
T− = −i

0 0 · · · 0 0
ν1 0 · · · 0 0
0 ν2 · · · 0 0
...
...
. . .
...
...
0 0 · · · νN−1 0

, (2.17)
where νi are real and non-zero constants. The boundary condition (2.16) implies that we set
A+ = 0 (2.18)
at σ = π.
In order for these Nahm pole-type boundary conditions at the two ends of the interval to be
well-defined, we also require that Aσ, Aτ , and Az¯ are Q-invariant at these boundaries. It is crucial
that all our boundary conditions are consistent at the corners of our five-manifold, and the fact
that Aα and Az¯ are Q-invariant (or zero) at all the boundaries ensures this.
It can be easily shown that upon dimensional reduction on S1 ⊂ Σ (for Σ = R×S1 or T 2), the
boundary conditions (2.13) and (2.16) reduce to
A →
idσ
σ
H +
du
σ
T+ (2.19)
and
A →
−idσ
σ − π
H +
du
σ − π
T−, (2.20)
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respectively, where u = τ + ix4 and u = τ − ix4 are complex coordinates. These are known, from
[12], to be complex Nahm pole boundary conditions for the 4d GL-twisted theory. Moreover, the
resulting corner configurations at the intersection of the origin of R+ and the endpoints of the
interval have been argued to be consistent in [11].
Having specified all our boundary conditions, we can observe that the Q-invariance of the second
term in (2.8) follows from the fact that Aα and Az¯ are Q-invariant (or zero) at all the boundaries
and the fact that the Bianchi identity is valid everywhere on the five-manifold. The latter is true
since the Nahm pole-like configurations are complex flat connections, and therefore there are no
singularities in their curvatures.
2.3 Localization to 4d Chern-Simons Theory
The path integral of the 5d partially-twisted theory localizes to solutions of Q-invariant config-
urations, whereby it reduces to a path integral over the non-Q-exact term in (2.8). Via Stokes’
theorem, and the boundary conditions at each boundary, one finds that this term becomes a non-
trivial Q-invariant boundary term at the origin of R+ (that takes the form of the 4d Chern-Simons
action), together with a constant term at infinity along R+. The boundary conditions at the end-
points of I set the 4d Chern-Simons actions there to zero. As a result, up to normalization, one
arrives at the path integral of 4d Chern-Simons (CS) theory, which takes the form∫
Γ˜
DA exp
(
i
2π~
∫
I×S1×Σ
dz ∧ Tr
(
A∧ dA+
2
3
A∧A ∧A
))
, (2.21)
where Γ˜ is the integration cycle defined by the Q-invariant localization equations, and i
~
= Ψ˜2 . This
integration cycle is a Lefschetz thimble that ensures the convergence of the path integral. Here,
the gauge connection is defined by A = Aσdσ +Aτdτ +Az¯dz¯.
Hence, the ensuing theory on the boundary of R+ is the 4d Chern-Simons theory, which has
the action
S4d CS[A] =
1
2π~
∫
I×S1×Σ
dz ∧Tr
(
A ∧ dA+
2
3
A ∧A ∧A
)
(2.22)
3 3d Toda Theory from Partially Twisted 5d MSYM
Consider the 4d CS theory on a four-manifold with a single boundary along the topological plane.
If one of the complex gauge fields (namely Az¯) is set to vanish at the boundary, a 3d analogue of
the chiral Wess-Zumino-Witten (WZW) model can be obtained [13].
In the 4d CS theory defined in (2.22), the underlying manifold has two boundaries at the ends
of I, where we have Nahm pole-type boundary conditions that, among other things, also constrain
some gauge fields to vanish, i.e., A− = 0 and A+ = 0 at σ = 0 and σ = π, respectively (see
(2.15) and (2.18)). Thus, we expect that the 4d CS theory in our present analysis can be described
by 3d WZW models at the boundaries, with further constraints coming from the Nahm pole-type
boundary conditions.
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In what follows, we shall first derive 3d WZW models defined at the boundaries of I, and then
include the further constraints that originate from the Nahm pole-type boundary conditions to
obtain a 3d analogue of analytically-continued Toda theory.
3.1 Derivation of 3d WZW Model Description of Boundary Theory
3d WZW Model at σ → 0
We shall first verify the locality and gauge invariance of the 4d CS theory defined in (2.22),
near the boundary at σ = 0. To show the locality of our 4d CS theory here, we first vary the action
(2.22) to give
δS4d CS =
1
2π~
∫
I×S1×Σ
dz ∧Tr (δA ∧F + d(δA ∧A)) . (3.1)
Using Stokes’ theorem, the second term of the variation (3.1) is identified as a boundary term.
Imposing the boundary condition A− = 0 (see (2.15)), the boundary variation vanishes.
To show the gauge invariance of our 4d CS theory, we first extend the partial connection A to
a full connection, which allows us to rewrite (2.22) as
S4d CS[A] = −
1
2π~
∫
I×S1×Σ
zTr (F ∧ F) +
1
2π~
∫
S1×Σ
zTr
(
A ∧ dA+
2
3
A ∧A ∧A
)
. (3.2)
Using the boundary condition A− = 0, and imposing the additional boundary condition Az =
0, the second term of (3.2) vanishes (it should be noted that we are not taking Az to be the
complex conjugate of Az¯). We then find that the first term is gauge-invariant under large gauge
transformations of the form
A → UAU−1 − dUU−1. (3.3)
However, we ought to restrict U such that the boundary conditions A− = 0 = Az are preserved.
We shall achieve this by taking U to tend to the identity element of G at σ = 0.
Now, in order to derive the 3d WZW model at the boundary at σ = 0, we exploit the fact that
the 4d CS action (2.22) admits an alternative form
1
2π~
∫
I×S1×Σ
dz ∧ dσ ∧ dx− ∧ dx+Tr (2A−F+σ −Aσ∂−A+ +A+∂−Aσ) , (3.4)
as σ → 0, where it can be seen that A− is a Lagrange multiplier. In turn, the Lagrange multiplier
is then integrated out to produce the condition F+σ = 0, which has solutions that can be expressed
as
Aσ = g
−1∂σg (3.5a)
A+ = g
−1∂+g, (3.5b)
where g is a map, g : I × S1 × Σ → SL(N,C). Changing variables from Aσ and A+ to g, (2.22)
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then becomes
lim
σ→0
S4d CS[A] = S3d WZW[g]
=
1
2π~
∫
S1×Σ
dz ∧ dx+ ∧ dx− Tr
(
∂+g g
−1∂−g g
−1
)
−
1
6π~
∫
I×S1×Σ
dz ∧ Tr
(
dg g−1 ∧ dg g−1 ∧ dg g−1
)
,
(3.6)
which takes the form of a 3d analogue of the 2d chiral WZW model.
Next, we note that a gauge transformation (3.3) amounts to g → gU−1 in (3.5). As a result,
we may change the value of g in the bulk without changing its value at σ = 0. This means that
the Wess-Zumino term in (3.6) does not depend on the choice of extension of the boundary value
of g over the bulk manifold. Thus, we can divide out the volume of the gauge group to obtain a
path integral of the form ∫
Dg˜ eiS[g˜], (3.7)
where g˜ is now the map g˜ : S1 × Σ→ SL(N,C).
Varying the action (3.6), we obtain
δS3d WZW = −
1
π~
∫
S1×Σ
dz ∧ dx+ ∧ dx− Tr
(
g˜−1δg˜∂−(g˜
−1∂+g˜)
)
, (3.8)
which implies the equation of motion
∂−(g˜
−1∂+g˜) = 0. (3.9)
This equation of motion is equivalent to
∂+(∂−g˜ g˜
−1) = 0. (3.10)
Hence, the solutions of (3.9) and (3.10) take the form
g˜(z, x+, x−) = A(z, x+)B(z, x−). (3.11)
The equations of motion, (3.9) and (3.10), are the current conservation equations for the symmetry
of the action under the transformation
g˜(z, x+, x−)→ Ω˜(z, x+)g˜Ω(z, x−), (3.12)
where the conserved currents take the form
J+ = g˜
−1 ∂+g˜ (3.13a)
J− = ∂−g˜ g˜
−1. (3.13b)
Crucially, it is seen that we can identify A+ with J+ on the boundary at σ = 0, and so, the rest of
the boundary conditions in (2.13) also constrain J+.
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3d WZW Model at σ → π
We shall now verify the locality and gauge invariance of the 4d CS theory defined in (2.22),
near the boundary at σ = π. To show the locality of our 4d CS theory here, we first vary the action
(2.22). Then, we impose the boundary condition A+ = 0 (see (2.18)). In doing so, the boundary
contribution to the variation (3.1) vanishes.
To show the gauge invariance of our 4d CS theory, we first extend the partial connection A to
a full connection. Using the boundary condition A+ = 0, and imposing the additional boundary
condition Az = 0, the second term of (3.2) vanishes. Like before, we ought to restrict U such that
the boundary conditions A+ = 0 = Az are preserved. We shall achieve this by taking U to tend to
the identity element of G at σ = π.
Now, in order to derive the 3d WZW model at the boundary at σ = π, we make use of the fact
that the 4d CS action (2.22) admits an alternative form
1
2π~
∫
I×S1×Σ
dz ∧ dσ ∧ dx− ∧ dx+Tr (2A+F−σ +Aσ∂+A− −A−∂+Aσ) , (3.14)
as σ → π. It can be seen that A+ is a Lagrange multiplier, which is then integrated out to produce
the condition Fσ− = 0. We shall choose solutions to this condition that take the form
Aσ = −∂σg g
−1 (3.15a)
A− = −∂−g g
−1, (3.15b)
where g is a map, g : I × S1 × Σ→ SL(N,C).
Changing variables from Aσ and A− to g, and taking note of the orientation of I, (2.22) then
becomes
lim
σ→pi
S4d CS[A] = S
′
3d WZW[g]
=
1
2π~
∫
S1×Σ
dz ∧ dx+ ∧ dx− Tr
(
∂+g g
−1∂−g g
−1
)
+
1
6π~
∫
I×S1×Σ
dz ∧Tr
(
dg g−1 ∧ dg g−1 ∧ dg g−1
)
,
(3.16)
which differs from (3.6) by a minus sign on the topological term.
Next, we note that a gauge transformation (3.3) amounts to g → Ug in (3.15a). As a result,
we may change the value of g in the bulk without changing its value at σ = π. This means that
the Wess-Zumino term in (3.16) does not depend on the choice of extension of the boundary value
of g over the bulk manifold. Thus, we can divide out the volume of the gauge group to obtain a
path integral of the form ∫
Dg˜ eiS[g˜], (3.17)
where g˜ is now the map g˜ : S1 × Σ→ SL(N,C).
Varying the action (3.16), and taking note of the orientation of I, we obtain
δS′3d WZW = −
1
π~
∫
S1×Σ
dz ∧ dx+ ∧ dx− Tr
(
g˜−1δg˜∂−(g˜
−1∂+g˜)
)
, (3.18)
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which is the same as (3.8). This means that identical equations of motion, (3.9) and (3.10), are
obtained, and the corresponding conserved currents are proportional to those in (3.13).
With a convenient overall factor, the conserved currents are
J ′+ = −g˜
−1 ∂+g˜ (3.19a)
J ′− = −∂−g˜ g˜
−1, (3.19b)
where the prime on J ′ reminds the reader that these currents are localized to σ → π. Since we can
identify A− with J
′
− on the boundary at σ = π, the rest of the boundary conditions in (2.16) also
constrain J ′−.
3.2 Derivation of 3d Toda Theory from Constrained 3d WZW Models
Current Constraints
Note that T+ in (2.14) (T− in (2.17)) can be expressed as a sum of the positive (negative) simple
roots with non-zero coefficients. In addition, a current, J , can be projected onto Cartan directions,
as well as roots of the Lie algebra, i.e., we can write
J =
∑
α∈∆
(J−αR−α + J
+αR+α) + J
0iR0i, (3.20)
where R0i denotes the i-th Cartan generator for i = 1, · · · , N − 1, while ∆ denotes the root space.
Since µi and νi are non-zero only for simple roots, R±i, the Nahm pole-type boundary conditions
(2.13) and (2.16) can be shown to imply that
J+
+i = µi (3.21a)
J+
0i = 0 (3.21b)
and
J ′−
−i = νi (3.22a)
J ′−
0i = 0, (3.22b)
respectively. Together, (3.21) and (3.22) are current constraints. In this sense, what we really
derived earlier is a constrained 3d WZW model.
Gauss Decomposition
Using the Gauss decomposition, the field g˜ can be expressed as
g˜ = exp
(
i
∑
α∈∆
XαR
+
α
)
exp
(
iφiR
0
i
)
exp
(
i
∑
α∈∆
YαR
−
α
)
, (3.23)
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where Xα, Yα and φi are scalar fields, and summations are carried out over repeated indices. Using
(3.23), J+ = g˜
−1 ∂+g˜ may then be rewritten as
J+ =
∑
i
(
i∂+Xie
−Cijφj
)
R+i +
−∑
i,k
CikYiYk∂+Xke
−Ckjφj − i
∑
i,j
CijYi∂+φj + i
∑
i
∂+Yi
R−i
+
∑
i
(
i∂+φi + 2iYi∂+Xie
−Cijφj
)
R0i + · · · ,
(3.24)
where Cij are elements of the Cartan matrix, exp (Cijφj) = exp
(∑
j Cijφj
)
, and where · · · are
terms involving non-simple roots. For SL(N,C), the Cartan matrix is written as
[Cij ] =

2 −1 · · · 0 0
−1 2 · · · 0 0
...
...
. . .
...
...
0 0 · · · 2 −1
0 0 · · · −1 2

. (3.25)
Comparing (3.24) with (3.21), we obtain
∂+Xie
−Cijφj = −iµi (3.26a)
∂+φi + 2Yi∂+Xie
−Cijφj = 0. (3.26b)
Likewise, J ′− = −∂−g˜ g˜
−1 may be rewritten as
J ′− =
∑
i,k
CikXiXk∂−Yke
−Ckjφj + i
∑
i,j
CijXi∂−φj − i
∑
i
∂−Xi
R+i +∑
i
(
−i∂−Yie
−Cijφj
)
R−i
+
∑
i
(
−i∂−φi − 2iXi∂−Yie
−Cijφj
)
R0i + · · · ,
(3.27)
where · · · are terms involving non-simple roots. Comparing (3.27) with (3.22), we obtain
∂−Yie
−Cijφj = iνi (3.28a)
∂−φi + 2Xi∂−Yie
−Cijφj = 0. (3.28b)
Combining (3.26) and (3.28) then gives
∂+∂−φi + 2µiνie
Cijφj = 0, (3.29)
which resemble the equations of motion for 2d Toda theory. The corresponding action that gives
these constraints as equations of motion is
S3d Toda[φ] =
1
2π~
∫
S1×Σ
dz ∧ dx+ ∧ dx−
(
Cij∂+φ
i∂−φ
j − 4
∑
i
µiνie
Cijφj
)
(3.30)
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which takes the form of a 3d analogue of analytically-continued 2d Toda theory. Hence, the edge
modes of the 4d CS theory with Nahm-pole-type boundary conditions are 3d Toda fields.
Dimensional Reduction
If we take Σ = R× S1 or T 2, one can carry out a dimensional reduction on the circle in the x5
direction. The dimensional reduction amounts to setting ∂z¯ →
1
2∂4 and dz ∧ dz¯ = −2idx
4 ∧ dx5,
which implies that ∂+ → ∂u =
1
2 (∂τ − i∂4) and ∂− → ∂u =
1
2(∂τ + i∂4). The 3d Toda action (3.30)
then becomes
S2d Toda[φ] =
iR
2~
∫
C
du ∧ du
(
Cij∂uφ
i∂uφ
j − 4
∑
i
µiνie
Cijφj
)
, (3.31)
where we have denoted the remaining two directions by C, and R is the radius of the shrunken
circle. The action (3.31) indeed takes the form of the usual analytically-continued 2d conformal
Toda action, as expected.
3.3 Three-dimensional W-algebras
In this section, we shall explain how the 3d Toda theory gives rise to analogues of W-algebras one
usually obtains from 2d Toda theory. To this end, we shall first derive the 3d analogue of the 2d
improved energy-momentum tensor, which gives rise to the Virasoro algebra in 2d Toda theory.
A 3d Analogue of Improved Energy-momentum Tensor
Unlike 2d Toda theory, the 3d Toda action (3.30) is not invariant under coordinate transfor-
mations of the form xp → f(xp), if we assume that f(xp) are all non-trivial transformations. This
is due to the volume element, which transforms as d3x→ (∂+f)(∂−f)(∂zf)d
3x, while the 3d Toda
Lagrangian transforms as L3d Toda →
1
(∂+f)(∂−f)
L3d Toda. Instead, we shall take only f(x
+) to be a
non-trivial transformation,2 i.e., take non-trivial transformations only along the x+-direction.3
Let us now consider infinitesimal coordinate transformations f(x+) = x++ε(x+) where ε(x+)≪
1. Since the transformation law for scalars is
φi(z, x
+, x−) = φ′i(z, x
′+, x−) = φ′i(z, x
+ + ε(x+), x−), (3.32)
one would naively look at the corresponding scalar field transformation
δφi(z, x
+, x−) = φ′i(z, x
′+, x−)− φi(z, x
+, x−) = −ε∂+φi(z, x
+, x−). (3.33)
However, while the kinetic term in (3.30) remains invariant under this transformation, the potential
term does not.
2In the following analysis, we shall take x+ and x− to be independent coordinates for simplicity. In doing so,
we extend the range of the coordinate τ such that it is complex-valued. The physical space of interest, however, is
defined by τ¯ = τ .
3It should also be noted that the choice f = f(x−) is equally valid. In fact, this alternate choice will lead to
another copy of the W-algebras that we will derive from the 3d Toda theory.
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Instead, we shall consider the following modified transformation law for the 3d Toda fields
φ′i(z, x
′+, x−) = φi(z, x
+, x−) +
∑
j
C−1ij
 ln ∂+f
= φi(z, x
+, x−) + γi ln ∂+f,
(3.34)
where we have written
∑
j C
−1
ij = γi. It can be shown that the 3d Toda action remains invariant
under the corresponding infinitesimal variations
φi(z, x
+, x−)→ φi(z, x
+, x−)− ε∂+φi + γi∂+ε, (3.35)
whereby the Lagrangian varies as a boundary term.
The infinitesimal symmetry variation of the action (3.30) is given explicitly by
δS3d Toda =
∫
S1×Σ
dz ∧ dx+ ∧ dx−
[
∂+
(
−
1
2π~
(
Cijε∂+φ
i∂−φ
j − 2
∑
i
ε∂+∂−φi
))
−∂−
(
1
2π~
Cijγ
i∂+∂+εφ
j
)]
.
(3.36)
This is equivalent to the on-shell variation of the action, which is written as
δ′S3d Toda =
∫
S1×Σ
dz ∧ dx+ ∧ dx− ∂p
(
∂L3d Toda
∂ (∂pφi)
δφi
)
. (3.37)
We can then derive the Noether current that corresponds to the symmetry of the action under the
variation described in (3.35), by equating the integrands of (3.36) and (3.37), to obtain
∂−
[(
1
π~
Cij
(
1
2
∂+φ
i∂+φ
j − γi∂+∂+φ
j
))]
= 0. (3.38)
Hence, we obtain the Noether current of the form
Θ =
1
2π~
Cij∂+φ
i∂+φ
j −
1
π~
Cijγ
i∂+∂+φ
j, (3.39)
that obeys the current conservation equation ∂−Θ = 0, whereby it must be true that Θ = Θ(z, x
+).
The expression (3.39) is the 3d analogue of a component of the improved energy-momentum tensor
in 2d Toda theory.
Next, we wish to use the Noether current Θ(z, x+) to compute a 3d analogue of a W-algebra.
We shall do so via an equivalent theory, namely a gauged version of the 3d WZW model.
Equivalence between Constrained and Gauged 3d WZW Models
We shall show that the constrained 3d WZW models, derived in §3.1, can also be described by
a gauged 3d WZW model which has the action
S3d GWZW[g˜,A+,A−] =S3d WZW[g˜] +
1
2π~
∫
S1×Σ
dz ∧ dx+ ∧ dx− Tr
(
A+(∂−g˜)g˜
−1 + (g˜−1∂+g˜)A−
+A+g˜A−g˜
−1 − A−µ+ A+ν
)
,
(3.40)
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where the auxiliary gauge connections are defined by A+ = h
−1∂+h, A− = ĥ
−1∂−ĥ and h, ĥ ∈ H ⊂
SL(N,C), while µ =
∑
i µiR
+
i and ν =
∑
i νiR
−
i . Recall that R
±
i denote simple roots of sl(N,C).
The action (3.40) can be shown to be invariant under the gauge transformations
g˜ → αg˜β−1, α ∈ N−, β ∈ N+ (3.41a)
h→ hα−1 (3.41b)
ĥ→ ĥβ−1, (3.41c)
where N± are the subspaces of SL(N,C) that are generated by ladder operators associated with
± roots. Next, we take a variation of (3.40) with respect to the fields A−, A+ and g˜ which leads
to the equations of motion
g˜−1∂+g˜ + g˜
−1A+g˜ = µ (3.42a)
−∂−g˜g˜
−1 − g˜A−g˜
−1 = ν (3.42b)
−2∂−
(
g˜−1∂+g˜
)
− g˜−1∂−A+g˜ + g˜
−1∂−g˜g˜
−1A+g˜ − g˜
−1A+∂−g˜ − g˜
−1∂+g˜A−
+ A−g˜
−1∂+g˜ − ∂+A− + A−g˜
−1A+g˜ − g˜
−1A+g˜A− = 0,
(3.42c)
respectively.
Finally, picking the partial gauge-fixing condition as A+ = 0 = A−,
4 the equations of motion
(3.42) become
g˜−1∂+g˜ = µ (3.43a)
−∂−g˜g˜
−1 = ν (3.43b)
−2∂−
(
g˜−1∂+g˜
)
= 0, (3.43c)
respectively. In particular, (3.43a) and (3.43b) are the current constraints (3.21) and (3.22). Fur-
thermore, (3.43c) is the same equation of motion of the ungauged 3d WZW model (see (3.9)).
Following the steps seen in §3.2, we can then obtain the 3d Toda theory.
Therefore, the gauged 3d WZW model proposed here produces the same physics as the 3d Toda
theory. We shall now attempt to obtain 3d analogues of W-algebras from this equivalent description
of the 3d Toda theory, starting with a 3d analogue of the Virasoro algebra.
Current Algebra of Gauged SL(2,C) 3d WZW Model
For clarity, we shall first focus on the simplest case of the gauged SL(2,C) 3d WZW model
that is equivalent to a 3d analogue of Liouville theory. In this case, [Cij ] = 2 and γi =
1
2 . We
shall compute Poisson brackets in the 3d gauged WZW model, where we shall take x− to be the
temporal direction. We shall also write x+ = ξ for presentation purposes.
From (A.2), the symplectic form on the phase space is found to be
ω =
1
2
∫
dξdz Tr
(
∂ξ
(
δg˜(z, ξ)g˜−1(z, ξ)
)
∧ δg˜(z, ξ)g˜−1(z, ξ)
)
. (3.44)
4Note that the gauge-fixing condition A+ = 0 = A− does not fix the gauge completely. There is a residual gauge
symmetry g → αgβ−1, where α = α(x+) and β = β(x−) now depend only on the x+ and x− directions, respectively.
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We moreover decompose the 3d WZW current in terms of basis generators of SL(2,C), i.e.,
Ja = −
i
2
Tr
(
τag˜
−1(z, ξ)∂ξ g˜(z, ξ)
)
, (3.45)
where τa denote SL(2,C) generators. Setting O = Ja(z
′, ξ′) and ζ = g˜(z, ξ) in (A.2), we obtain the
Poisson bracket relations[
Ja(z
′, ξ′), g˜(z, ξ)
]
PB
= −
i
2
g˜(z′, ξ′)τaδ(ξ − ξ
′)δ(z − z′). (3.46)
Likewise, setting O = Ja(z
′, ξ′) and ζ = g˜−1(z, ξ) outputs
[
Ja(z
′, ξ′), g˜−1(z, ξ)
]
PB
=
i
2
τag˜
−1(z′, ξ′)δ(ξ − ξ′)δ(z − z′). (3.47)
Next, using (3.46) and (3.47), the Poisson bracket relations for Ja are obtained as
[
Ja(z
′, ξ′), Jb(z, ξ)
]
PB
=
(
iǫabcJ
c(z, ξ)δ(ξ − ξ′) +
1
2
δabδ
′(ξ − ξ′)
)
δ(z − z′), (3.48)
where δ′(ξ − ξ′) = ∂ξδ(ξ − ξ
′). This takes the form of the “analytically-continued” toroidal Lie
algebra seen in [13].
Virasoro Algebra of 3d Liouville Theory
The next step is to derive the Poisson bracket relations for the 3d analogue of the chiral Sugawara
energy-momentum tensor,
T (z, ξ) = Ja(z, ξ)J
a(z, ξ). (3.49)
Via (3.48), the Poisson bracket relations for T (z, ξ) are obtained as[
T (z′, ξ′), Ja(z, ξ)
]
PB
=
(
∂ξJa(z, ξ)δ(ξ − ξ
′) + Ja(z, ξ)δ
′(ξ − ξ′)
)
δ(z − z′) (3.50)[
T (z′, ξ′), T (z, ξ)
]
PB
=
(
∂ξT (z, ξ)δ(ξ − ξ
′) + 2T (z, ξ)δ′(ξ − ξ′)
)
δ(z − z′). (3.51)
Next, we consider the Noether current given in (3.39). Via the Gauss decomposition (see (3.23)),
and using the 3d Toda equations of motion (3.29), we obtain the relation
J3 = −
1
2
∂ξφ. (3.52)
Thus, upon a rescaling, and using (3.52), we can also define (3.39) as
Θ(z, ξ) = T (z, ξ)− ∂ξJ3(z, ξ). (3.53)
Finally, via (3.50) and (3.51), we obtain
[
Θ(z′, ξ′),Θ(z, ξ)
]
PB
=
(
∂ξΘ(z, ξ)δ(ξ − ξ
′) + 2Θ(z, ξ)δ′(ξ − ξ′)−
1
2
δ′′′(ξ − ξ′)
)
δ(z − z′), (3.54)
which is a 3d analogue of the classical Virasoro algebra derived from the 3d Liouville theory.
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In [14], where the analogue of (3.54) is derived for the 2d Liouville theory, Moyal quantization is
shown to lead to its central extension, whereby one arrives at the well-known form of the standard
Virasoro algebra, that can be equivalently obtained via canonical quantization. We thus expect to
obtain an analogous central extension to (3.54) via Moyal quantization, leading to an analogue of
the standard, centrally extended Virasoro algebra. By analogy wth the 2d case, this algebra ought
to take the form[
Θ̂(z′, ξ′), Θ̂(z, ξ)
]
=
(
∂ξΘ̂(z, ξ)δ(ξ − ξ
′) + 2Θ̂(z, ξ)δ′(ξ − ξ′)
+
(
k −
1
2
η2
)
δ′′′(ξ − ξ′) + kδ′(ξ − ξ′)
)
δ(z − z′)
(3.55)
where k ∈ R is a constant to be determined, and Θ̂(z, ξ) = T (z, ξ) − η∂ξJ3(z, ξ), where η is a
deformation parameter.
When we replace SL(2,C) with SL(N,C), we also expect to obtain a Virasoro algebra of the
form (3.55). Moreover, we should be able to derive analogous results for higher spin currents in
the 3d Toda theory via a generalized Sugawara construction, similar to how W-algebra currents
are constructed in 2d Toda theory [15]. In doing so, we ought to obtain analogues of W-algebras,
similar in form to those that arise in 2d Toda theory, but with generators having holomorphic
dependence on the Riemann surface, Σ, and a delta function δ(z − z′) appearing as an overall
factor on the RHS.
Note that, so far, we have taken x− to be the temporal direction, and argued that this leads
to a 3d analogue of a W-algebra via Moyal quantization. We could have equivalently taken x+
to be the temporal direction, and doing so should lead to another copy of the W-algebra which is
x−-dependent instead.
4 2d Twisted Sigma Model from Partially Twisted 5d MSYM
4.1 2d A-model on Bogomolny Moduli Space as an Effective Theory
Recall that we have started with the 5d “GL”-twisted MSYM on M = I × R+ × S
1 × Σ. We
would now like to derive a 2d sigma model from our original setup, by taking the topological
directions along I×R+ to be very large. To this end, we shall carry out the appropriate topological
deformation of the metric, similar to the approach taken in [16].
Topological Deformation
More explicitly, we shall consider a topological deformation of the form
ds2 =
(
dx1
)2
+
(
dx2
)2
+
(
dx3
)2
+
(
dx4
)2
+
(
dx5
)2
→ ε−1
((
dx1
)2
+
(
dx2
)2)
+
(
dx3
)2
+
(
dx4
)2
+
(
dx5
)2
,
(4.1)
where ε is taken to be very small. This deformation can be interpreted as making the volume of
I ×R+ large, relative to the volume of S
1×Σ, which is equivalent to making the volume of S1×Σ
infinitesimally small. This results in an effective 2d theory on I × R+.
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Let us now examine the A- and ϕ- dependent part of the 5d action (2.1), which takes the form
S
(A,ϕ)
5d GL = −
1
g52
∫
M
d5xTr
(
1
2
FαβF
αβ
+ 4Fαz¯F
α
z + (Dαϕ
α − 2iFzz¯)
2
)
, (4.2)
where z, z¯ ∈ Σ and α, β = 1, 2, 3, and F is the field strength corresponding to complex gauge fields
Aα = Aα + iϕα, where we recall that Az = Az and Az¯ = Az¯.
Following [16], we can decompose the fields as A = AI×R+ + AS1 + AΣ and ϕ = ϕI×R+ + ϕS1 ,
and rewrite (4.2) as
S
(A,ϕ)
5d GL = −
1
g52
∫
M
d5xTr
(
1
2
F
α˜β˜
F
α˜β˜
+ Fτα˜F
τα˜
+ 4Fτ z¯F
τ
z + 4Fα˜z¯F
α˜
z
+
(
Dα˜ϕ
α˜
)2
+ 2Dα˜ϕ
α˜ (Dτϕ
τ − 2iFzz¯) + (Dτϕ
τ − 2iFzz¯)
2
)
,
(4.3)
where x3 = τ , and α˜, β˜ = 1, 2. Next, we carry out the deformation (4.1), so that (4.3) becomes
S
(A,ϕ)
5d GL = −
1
g52
∫
M
d5xTr
(
1
2
εF
α˜β˜
F
α˜β˜
+ Fτα˜F
τα˜
+ 4ε−1Fτ z¯F
τ
z + 4Fα˜z¯F
α˜
z
+ε
(
Dα˜ϕ
α˜
)2
+ 2Dα˜ϕ
α˜ (Dτϕ
τ − 2iFzz¯) + ε
−1 (Dτϕ
τ − 2iFzz¯)
2
)
.
(4.4)
When we take the limit ε → 0, terms proportional to ε−1 will diverge. Hence, to ensure the
finiteness of the action, it is necessary to impose the conditions
Fτ z¯ − iDz¯ϕτ = 0
Dτϕ
τ − 2iFzz¯ = 0
(4.5)
Interestingly, (4.5) are the Bogomolny equations, otherwise known as 3d monopole equations.
Hence, solutions of (4.5) span the moduli space of Bogomolny monopoles, which we shall denote
as MB
(
G,S1 × Σ
)
.
2d Sigma Model Action from “GL”-Twisted 5d MSYM
Upon taking ε→ 0, and imposing the conditions (4.5), the remaining action becomes
S′
(A,ϕ)
5d GL = −
1
g52
∫
M
d5xTr
(
Fpα˜F
pα˜
)
, (4.6)
where p = 3, 4, 5.
In order to specify a solution of the Bogomolny equations, Ap and ϕτ , on M, we shall specify
a map X : I × R+ →MB
(
G,S1 × Σ
)
. Then, we can write
Ap(x
1, x2, x3, x4, x5) = Ap(x
3, x4, x5|X(x1, x2)) (4.7a)
ϕτ (x
1, x2, x3, x4, x5) = ϕτ (x
3, x4, x5|X(x1, x2)). (4.7b)
We can express the variations of the solutions of the Bogomolny equations, δAp and δϕτ , in terms
of cotangent vectors on MB
(
G,S1 × Σ
)
, up to gauge transformations, i.e.,
∂Ap
∂XI
= δIAp +DpEI (4.8a)
∂ϕτ
∂XI
= δIϕτ + [ϕτ , EI ], (4.8b)
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where I = 1, · · · ,dim(MB
(
G,S1 × Σ
)
), and where E is identified with a gauge connection on
MB
(
G,S1 × Σ
)
.
Next, we choose the gauge-fixing conditions D
τ
(δIAτ + iδIϕτ ) = 0 and DzδIAz¯ = 0. Noting
that Aα˜ becomes auxiliary in the ε→ 0 limit, we integrate it out by setting
Aα˜ = EI∂α˜X
I , (4.9)
assuming that the operator DτD
τ + 4DzDz¯ is invertible, where Dτ = Dτ + i[ϕτ , ·]. Hence, the
action (4.6) becomes
S′
(A,ϕ)
5d GL = −
1
g52
∫
I×R+
d2x
(∫
S1×Σ
d3xTr (δIA
pδJAp + δIϕ
τδJϕτ )
)
∂α˜XI∂α˜X
J
=
∫
I×R+
d2xGBIJ∂
α˜XI∂α˜X
J
(4.10)
where we have identified the metric on MB
(
G,S1 × Σ
)
as
GB = −
1
g25
∫
S1×Σ
d3xTr (δAp ⊗ δAp + δϕ
τ ⊗ δϕτ ) . (4.11)
The action (4.10) is indeed the action of a bosonic sigma model governing maps X : I ×R+ →
MB
(
G,S1 × Σ
)
. The full, partially twisted 5d gauge theory should likewise reduce in the same
way to a topological sigma model on I × R+. This sigma model is an A-model in a particular
symplectic structure on MB
(
G,S1 × Σ
)
. To see this, note that the non-Q-exact term of the 5d
gauge theory includes a term proportional to∫
I×R+×S1×Σ
d5x Tr
1
2
εαβγ
(
1
2
Fα5Fβγ − ∂α (Fβ4φγ)
)
. (4.12)
In the reduction procedure we have outlined, this term reduces to an integral over a pullback to
I × R+ of a symplectic form on MB
(
G,S1 × Σ
)
, that can be denoted as ω = Ψ˜ωBK , with
ωBK =
1
2π
∫
S1×Σ
d3x Tr(δϕτ ∧ δA4 − δA5 ∧ δAτ ) (4.13)
where the subscript K denotes that this is analogous to the symplectic structure ωK on Hitchin’s
moduli space as defined in [9], if we identify A5 with ϕ4 in the latter.
5 This implies that the 2d
sigma model is an A-model with symplectic structure Ψ˜ωBK . In fact, the entire non-Q-exact sector
in (2.8) reduces as
Ψ˜
4π
∫
I×R+×S1×Σ
dz ∧ Tr (F ∧ F)→
∫
I×R+
X∗(ω − iB), (4.14)
where B = −Ψ˜ωBI is a B-field, with
ωBI = −
1
2π
∫
S1×Σ
d3x Tr(δAτ ∧ δA4 − δϕτ ∧ δA5), (4.15)
which is the analogue of the symplectic structure ωI on Hitchin’s moduli space.
5In fact, upon dimensional reduction along S1 ∈ Σ (for Σ = R×S1 or T 2), we obtain the well-studied case where
the target space is Hitchin’s moduli space [9].
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BOp B
′
Op
Bc
BcB
′
Op
B′Op
BOp
BOp
Bc
Figure 2: Topological deformation of sigma model worldsheet I × R+.
4.2 Physical States of 2d Sigma Model
The NS5-type boundary condition of the 5d gauge theory gives rise to a space-filling coisotropic
A-brane, Bc, of the sigma model on MB
(
G,S1 × Σ
)
. Defining complex and symplectic structures
analogous to those on Hitchin’s moduli space (identifying A5 with ϕ4 as before), this is a (B,A,A)
brane. To see this, we first note that the NS5-type boundary condition implies Neumann boundary
conditions on Az¯ and Aτ , so the corresponding brane must be space-filling. Secondly, ω and B
satisfy (ω−1B)2 = −1, which implies that the brane is an A-brane in symplectic structure ω = Ψ˜ωBK .
Finally, the B-field is of type (1, 1) in complex structure IB, implying that the brane is a B-brane
in this complex structure.
On the other hand, the Nahm pole-type boundary conditions of the 5d gauge theory give rise
to Lagrangian branes BOp and B
′
Op in MB
(
G,S1 × Σ
)
. These are analogues of branes of opers
in Hitchin’s moduli space [3], and are both (A,B,A) branes, since ωBI and ω
B
K both vanish on the
support of these branes, and are maximal with this property.
It can be shown that the Lagrangian branes BOp and B
′
Op only intersect at one point, i.e., the
origin. This implies that the space of states of the (BOp,B
′
Op) string contains only a single state.
To find more states, we can topologically deform the worldsheet I×R+ by pinching off the corners
to infinity to form a Y-shaped worldsheet (see Figure 2). This gives rise to (Bc,BOp) and (Bc,B
′
Op)
strings that originate from the corners of I×R+. The physical space of states of each type of string
corresponds to a space of JB-holomorphic sections of a bundle on the corresponding Lagrangian
brane. Specifically, the two spaces of states can be computed (following [9]) to be
H(Bc,BOp) = H
0(BOp,K
1/2
BOp
) (4.16a)
H(Bc,B′Op) = H
0(B′Op,K
1/2
B′
Op
), (4.16b)
where KBOp is the canonical line bundle over the brane BOp.
Moreover, the algebra of (Bc,Bc) strings acts on the space of states of (Bc,BOp) and (Bc,B
′
Op)
strings, by attaching to the appropriate ends of the latter (see Figure 3). This is just the quantized
algebra of JB-holomorphic functions on MB
(
G,S1 × Σ
)
[9], which are generated by A+ and A−.
The algebra of (BOp,BOp) and (B
′
Op,B
′
Op) strings likewise act on H(Bc,BOp) and H(Bc,B′Op) respec-
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BC
BC
BC
BOp
Figure 3: The action of the algebra of (Bc,Bc) strings on the space of states of (Bc,BOp) can be
realized by attaching the (Bc,Bc) string to the end of the (Bc,BOp) string.
tively. These are expected to be the same quantized algebra, albeit with different deformation
parameters.
5 The 3d-2d Correspondence
5d MSYM
on
I × R+ × S
1 × Σ
4d CS
on
I × S1 × Σ
3d Toda
on
S1 × Σ
2d A-model
on
I × R+
with target MB
(
G,S1 × Σ
)
∂R+ Scaling up I × R+
I
Figure 4: Outline of the steps taken in this paper, repeated here for brevity.
The 5d “GL”-twisted MSYM on I × R+ × S1 × Σ, with NS5-type boundary conditions on R+
and Nahm pole-type boundary conditions on I, has given rise to two different effective descriptions.
In §3, we localized “GL-twisted” 5d MSYM to the 4d CS theory at the origin of R+, which
in turn, is equivalent to 3d WZW models at the boundaries of I. Further implementing relevant
constraints that originate from the Nahm pole-type boundary conditions (namely (2.13) and (2.16)),
the 3d WZW models are then identified with 3d Toda theory on S1 × Σ.
Via a gauged version of the 3d WZW model, we also argued for the existence of 3d analogues
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of W-algebras, for which the corresponding modules must be identified with 3d Toda states. There
are two copies of such a W-algebra, corresponding to a choice of either x+ or x− as the temporal
direction.
In §4, we argued that the 5d “GL”-twisted theory gives rise, upon scaling up I × R+, to a 2d
A-model of maps X : I × R+ → MB
(
G,S1 × Σ
)
. Furthermore, via a topological deformation of
the worldsheet I × R+ to a Y-shaped configuration, we also computed the physical states of the
A-model.
Since the Q-cohomology of states of the 5d theory ought to remain invariant in reducing to these
two effective descriptions, we may identify 3d Toda states with physical states of the 2d A-model.
Hence, we establish a novel correspondence between the 3d Toda theory and a topological sigma
model with A-branes, i.e., we have
3d Toda theory
on
S1 × Σ
⇔
Topological sigma model with A-branes
on
I × R+
with target MB
(
G,S1 × Σ
) (5.1)
Mathematically, this implies that
Modules of 3d W-algebras
defined on
S1 × Σ
⇔ H0(BOp,K1/2BOp)⊗H0(B′Op,K1/2B′Op) (5.2)
In other words,
Modules of 3d W-algebras defined on S1 × Σ are modules for the quantized algebra of
JB-holomorphic functions on MB
(
G,S1 ×Σ
)
.
The steps taken in arriving at these results are summarized in Figure 4.
6 Conclusion and Future Work
In this work, we have derived a 3d analogue of Toda theory, and shown that it is dual to a 2d
A-model on Bogomolny moduli space. Moreover, we have found that modules of 3d W-algebras are
modules for a quantized algebra of holomorphic functions on the Bogomolny moduli space. The
crucial ingredient is the fact that the 5d N = 2 SYM theory admits a partial twist analogous to
the 4d GL-twist, that is topological-holomorphic.
This suggests a generalization. Namely, it will be interesting to define a GL-type partial twist
(in two directions) for maximally supersymmetric Yang-Mills theory in 6d, whereby one expects to
relate 4d analogues of W-algebras to a quantized algebra of certain holomorphic functions on the
moduli space of instantons. Such 4d W-algebras should arise from a 4d analogue of Toda theory,
that should be the boundary dual of 5d Chern-Simons theory with Nahm pole-type boundary
conditions.
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In addition, it would be interesting to embed the 5d “GL”-twisted theory in a partial twist of
the 6d N = (2, 0) SCFT. This is likely to lead to a 3d-3d duality involving the 3d Toda theory we
have derived in this work.
We hope to explore these ideas in future work.
A Poisson Brackets
Derivation of Poisson Brackets from Symplectic Form
Generically, the Poisson brackets of two operators can be deduced from a non-degenerate sym-
plectic form [14, 17] ω = ωab(ζ) δζ
a ∧ δζb via
−δO = ωab(ζ)δζ
a
[
O, ζb
]
PB
, (A.1)
where δ denotes a variation. Then, the Poisson bracket can be deduced by comparing the symplectic
form with the variation of some operator O.
In the continuous case, where ω =
∫
dxω(x)δζ(x) ∧ δζ(x), this becomes
−δO(x) =
∫
dy ω(y)δζ(y) [O(x), ζ(y)]PB . (A.2)
In the same manner, the Poisson bracket can be deduced by comparing the symplectic form with
the variation of some operator O(x).
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